Abstract: In this paper, a geometrically intrinsic observer for Euler-Lagrange systems is defined and analyzed. This observer is an generalization of the observer recently proposed by Aghannan and Rouchon. Their contractivity result is reproduced and complemented by a proof that the region of contractivity is infinitely thin. However, assuming a priori bounds on the velocities, convergence of the observer is shown by means of Lyapunov's direct method in the case of configuration manifolds with constant curvature. The convergence properties of the observer are illustrated by an example where the configuration manifold is the three-dimensional sphere,
INTRODUCTION
For a dynamical system, an observer is another dynamical system whose task is to reconstruct missing state information, while only using available measurements. The input to the observer is the output of the original system (which may include its input), and the observer is expected to produce as output an estimate of some state function of the original system. Consider the nonlinear dynamical system such that the full diagram in figure 1 is commutative ( cf. (van der Schaft, 1985) and (Thau, 1973) ). , between two trajectories is decreasing.
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However, the assumption that the observer dynamics is contractive, is very restrictive and in most cases, property 2 has to be shown by means of a common Lyapunov function for
In this paper, we study the observer design problem for a class of nonlinear systems, viz. Euler-Lagrange s "Convergence" in some metric sense, or -for relatively compact trajectories -in a purely topological sense.
systems, where we assume that the output of the system is the generalized position and force, and that we want to reconstruct the generalized velocities. The Euler-Lagrange equations are intrinsic, i.e. geometrically defined in terms of t and u only, and may be written in a coordinate-free way (Hamberg, 2000) . It is natural to keep this coordinate independence in the observer design as well. The Riemannian geometric point of view has influenced part of control theory, e.g. optimal control and control design. However, the impact on observer design, have been modest.
In (Aghannan and Rouchon, 2003) , the authors successfully adopt the formerly mentioned contraction analysis approach to address convergence of an intrinsic observer for Euler-Lagrange systems with position measurements. These results have been specialized to the case of left invariant systems on Lie groups in (Maithripala et al., 2004) . In the present paper, we extend the results of (Aghannan and Rouchon, 2003) by using Lyapunov theory to show convergence in the constant curvature case, whenever we have a priori given bounds on the state variables. In the case of physical (mechanical or electrical) Euler-Lagrange systems, this assumption is a realistic one.
The organization of this paper is as follows. Section 2 is devoted to introducing some preliminary concepts of tangent bundle geometry (section 2.1) and EulerLagrange systems (section 2.2). The design of the observer is the subject of section 3, while section 4 is devoted to the convergence properties of it. Finally, these properties are illustrated in section 5, where we present some simulation results.
PRELIMINARIES

Tangent Bundle Geometry
This paper assumes a previous knowledge of classical tensor analysis as well as familiarity with coordinatefree concepts like tangent bundle, Lie derivatives and affine connections (consult e.g. (Lovelock and Rund, 1989) and (Abraham and Marsden, 1978) ). Throughout the paper, Einstein summation convention is used, partial derivatives are indicated with a comma, ). Expressions for the bracket between the vector fields are listed in table 1. Upon introducing this notation, the following observer dynamics is suggested for Thus, putting (6) and (7) together, the following observer, , is essentially the same as the one introduced in (Aghannan and Rouchon, 2003) , see also (Maithripala et al., 2004) . We here allow the observer gains to vary and have a choice of moving force terms between u and , which are treated differently in our observer. This latter freedom will however not be exploited in the present paper. In section 4.3, we follow (Aghannan and Rouchon, 2003) , by choosing 
CONVERGENCE ANALYSIS
In the section, convergence issues are treated by means of contraction analysis (section 4.3) and, in the case of constant curvature, by means of a conventional Lyapunov method (section 4.4). To this end however, we devote section 4.1 and 4.2 to deriving expressions for the variation of some quantities along a geodesic.
(9) Then, combining (4), (3), (8) and (9), it follows that
By taking the covariant derivative of (9) and utilizing Ricci's identity (1), we get
In a similar fashion, we obtain (11) and (12). In the present paper, however, we focus on spaces of constant curvature.
Constant Curvature
In the case when 
D Equation (11) is equivalent to "the radial curvature equation" in (Petersen, 1998) . equation (11) may be explicitly solved for
Equation (9) Considering the parallel transport operator, we make the Ansatz (c.f. footnote 3)
From (4), (10) and (15), we obtain . This is in accordance with the results in (Aghannan and Rouchon, 2003) . However, whenever 
Lyapunov Approach
We now investigate the convergence of Similar simulation results have also been obtained in the cases of the hyperbolic plane (constant negative curvature) and the inverted pendulum on a cart (zero curvature).
CONCLUDING REMARKS
The observer presented in this paper, requires the explicit computation of the distance function, ¢ , as well as the parallel transport operator, ¥ , which is prohibitive unless the configuration manifold is extremely simple, e.g. manifolds of constant curvature, Lie groups (c.f. (Maithripala et al., 2004) ) etc. For more general spaces, schemes of approximation are called for (c.f. (Aghannan and Rouchon, 2003) ). This is a topic of current research.
